By using a rather simple algebraic approach, we revisit and further bridge between two most commonly used quantum dissipation theories, the Bloch-Redfield theory and a class of FokkerPlanck equations. The nature of the common approximation scheme involving in these two theories is analyzed in detail. While the Bloch-Redfield theory satisfies the detailed-balance relation, we also construct a class of Fokker-Planck equations that satisfy the detailed-balance relation up to the second moments in phase-space. Developed is also a generalized Fokker-Planck equation that preserves the general positivity of the reduced density operator. Both T 1 -relaxation and pure-T 2 dephasing are considered, and their temperature dependence is shown to be very different. Provided is also an analogy between the quantum pure-T 2 dephasing and the classical heat transport.
I. INTRODUCTION
Quantum dissipation plays crucial roles in many fields of science, such as nuclear magnetic resonance ͑NMR͒, [1] [2] [3] [4] quantum optics, [5] [6] [7] [8] mathematical physics, [9] [10] [11] [12] and molecular dynamics in condensed phases. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] The key theoretical quantity of interest is the reduced density operator whose dynamics is governed by the Liouville-von Neumann equation,
Exact expressions for the dissipation term R can be constructed formally via Zwanzig-Mori's projection operator technique. 24, 25 However, dissipations in almost all practical cases have to be treated with models and/or approximations. As a result, there are a variety of nonequivalent forms of R, such as those in the Bloch-Redfield theory [2] [3] [4] and the Fokker-Planck equations. [16] [17] [18] [19] The commonly used approximation in various forms of quantum dissipation theory ͑QDT͒ is the weak system-bath interaction in which the second-order perturbation is justifiable. Various forms of QDT differ at the approximating schemes that partially incorporate the contributions of second-or higher-order system-bath interaction. There are also a variety of ways in approximating the quantum fluctuation-dissipation ͑or the detailed-balance͒ relation, especially in Fokker-Planck theories. [16] [17] [18] [19] Despite certain unavoidable approximations involved, one would still like to arrive at a fully satisfactory QDT. It refers to a QDT that preserves the following five physical properties of a density operator-Hermitianity, trace invariance, detailed-balance, translational invariance, and positivity. A density operator (t) should be Hermitian. The trace invariance means that Tr ϭ0, or the QDT satisfies the law of total population conservation. The detailed-balance assures the canonical ensemble distribution, eq ϭe Ϫ␤H /Tr e Ϫ␤H , be an asymptotic and stationary solution to the QDT. Note that here H is not the Hamiltonian for the bare ͑gas phase͒ system, but the renormalized one to the reduced system. The translational invariance arises from the physical requirement that an arbitrary observable described by the QDT, or more precisely Tr͓Â (t)͔ϭdĀ (t)/dt, should not depend on the choice of coordinate origin x 0 . The positivity requirement relates to the probability interpretation of the density operator whose eigenvalues should be nonnegative. The positivity of QDT preserves this property of (t) for all times. We shall see that the aforementioned first two properties, i.e., being of Hermitian and traceless, can be easily incorporated. On the other hand, Lindblad has proved that in the Markovian regime the remaining three properties, the detailed-balance, the translational invariance, and the general positivity, are mutually exclusive. 10 In order to compensate this incompatibility, we shall in this work adopt an a͒ Author to whom correspondence should be addressed. Electronic mail: yyan@ust.hk internal coordinate convention ͑cf. Sec. III C͒ to assure that for any physical observable, Tr͓Â (t)͔ϭdĀ (t)/dt be described properly and unambiguously. Thus, a fully satisfactory QDT refers explicitly in the following only to its being simultaneously of detailed-balance and positivity.
In this work, we shall revisit two most used classes of QDT, i.e., the Bloch-Redfield theory ͑BRT͒ and the Fokker-Planck equation ͑FPE͒. We shall demonstrate that these two types of QDT cover actually almost all existing Markovian theories of quantum dissipation. The relations among six of such theories were analyzed recently by Kohen, Marson, and Tannor in a harmonic oscillator system. 26 This paper is going to answer the following two questions. ͑i͒ Is there a compact operator equivalent formulation to BRT or/and FPE, such that it constitutes formally a full satisfactory QDT, and meanwhile is numerically implementable in various representations? ͑ii͒ Is there a convenient and systematic way to bridge between these two seemingly different types of QDT? While elucidating these two questions, we shall also pay a special attention to classifying T 1 -energy relaxation and pure-T 2 dephasing processes in the resulting QDT. The temperature dependence of either the T 1 -or pure-T 2 dissipation process will be established via the spectral density formulation for the system-bath coupling.
The remainder of this paper is organized as follows: In Sec. II, a rather simple algebraic approach is used to reconstruct the formal Bloch-Redfield theory ͑BRT͒. The key step in formulating is the identification of dissipative modes and their spectrum conjugations that will be defined in due course. Despite its being equivalent to the conventional Redfield-tensor prescription ͑cf. Appendix A͒, the algebraic form of the BRT constructed in Sec. II offers an alternative ͑and more straight͒ way to analyze and simulate the dissipation dynamics as it describes. Moreover, it constitutes a convenient starting point to establish the relations among the BRT and a class of Fokker-Planck equations ͑FPE͒ that will be developed later in this paper. In Sec. III, we critically analyze the Redfield approximation and the resulting compact form of BRT. Included there are also the proof of its detailed-balance relation and the comments on its translational variance and its compatibility with the Lindblad's form of positivity. 9 Section III is concluded with a general description of pure-dephasing and how its rate depends on temperature. In Sec. IV, the BRT developed in Sec. II is used to construct a broad class of FPE, including that for a Brownian oscillator [14] [15] [16] [17] and that commonly used in the laser physics community. [5] [6] [7] [8] The most important result is a generalized FPE to be developed in Sec. IV E. The resulting generalized FPE is applicable to arbitrary systems in the presence of the T 1 -energy relaxation and/or the pure-T 2 dephasing. Presented there is also a case of almost fully satisfactory FPE formulation, in which the positivity is exact, while the detailed-balance is satisfied up to the second moments in phase-space and thus becomes exact in the harmonic limit. The Ehrenfest equations of motion associating with the generalized FPE in harmonic systems are presented in Appendix B. In Sec. V we demonstrate further by using the harmonic model the analogy between the quantum puredephasing and the classical heat transport in a ring defined by the phase-space angle. Finally, we conclude and summarize this paper in Sec. VI.
II. BLOCH-REDFIELD THEORY
In this section, we shall revisit the Bloch-Redfield theory ͑BRT͒ via a rather simple algebraic approach. The final compact formulation of the BRT, together with the spectral density description of bath interaction, will be summarized in Sec. II C. The advantages of the present BRT over the conventional formulation in the eigenstate representation [2] [3] [4] 27 will be elucidated throughout this paper.
A. Background formulation
Let us start with a generalized Langevin description in which the total Hamiltonian, H T ϭHϩHЈ(t), consists of a deterministic part H for the coherent dynamics and a stochastic part HЈ(t) for the system-bath coupling. We shall adopt the decomposition form of HЈ(t) in terms of the generalized system coordinates and their associating Langevin forces,
The above decomposition form of HЈ(t) was also adopted by Friesner and co-workers in their development of the Redfield theory that reduced the dissipation tensor algebra to the ordinary matrix multiplication. 27 In Eq. ͑2͒, Q ␣ is a Hermitian operator or a dynamic variable in the reduced system space. We shall hereafter call it as a dissipative mode. F ␣ (t) is a Hermitian operator in the stochastic bath space with ͗F ␣ (t)͘ϭ0. Here, ͗•••͘ denotes the average over the stationary bath ensembles. For simplicity, we shall further assume that the generalized Langevin forces F ␣ acting on different dissipative modes Q ␣ are statistically independent. That is,
͑3͒
In the standard second-order cummulant expansion formalism, the dissipation term in the Liouville-von Neumann equation, Eq. ͑1͒, takes the following form:
Here, G(t,) is the Hilbert-space propagator governed by the reduced system Hamiltonian. In the absence of the timedependent field, G(t,)ϭexp͓ϪiH(tϪ)/ប͔. Besides the approximation via the second-order systembath interaction, Eq. ͑4͒ adopts also the initial factorization ansatz,
Here, B eq is the bath canonical ensemble density operator. The above ansatz is physically self-consistent if the final formulation of QDT in the absence of external time-dependent field satisfies
It is the detailed-balance relation, which should be checked for in the following derived QDT for the consistency of the initial factorization approximation. We shall return to the point in Sec. III.
B. Redfield approximation
The Bloch-Redfield theory 2-4 ͑BRT͒ constitutes the most widely used formulation in the study of quantum dissipation processes involving some energy eigenstates. As its dissipative superoperator R does not depend on time, BRT is usually considered as of Markovian in nature. Before we present the final algebraic formulation of BRT, we shall provide in the following an alternative point of view on its approximation scheme.
Note that Eq. ͑4a͒ is a time-local prescription of quantum dissipation and equivalent to the memory kernel prescription up to the second-order system-bath interaction. 19, 24, 25 Consider a time-resolved experiment on molecular dynamics in a dissipative medium. The molecular system is initially (t 0 →Ϫϱ) at the thermal equilibrium. A time-dependent external field such as pulsed laser light should be employed to create a nonstationary density wave packet for the dynamics experiment. The time-dependent system-field coupling shall be included in the deterministic Hamiltonian H that governs both the first term of Eq. ͑1͒ and the Hilbert-space propagator G(t,) in the dissipation term as described by Eq. ͑4͒. The interplay between timedependent coherent driving and dissipation may introduce a dramatic cooperative effect. It has been demonstrated in the case of quantum stochastic resonance at which the weak field response theory breaks down no matter how weak the periodic driving force is. [28] [29] [30] [31] We shall be interested in the cases where either the external excitation fields are fast compared with the dissipation dynamics, or weak and operated away from the cooperative driving-dissipation regime. In this case, we may neglect time-dependent driving on the dissipation superoperator or Q ␣ (t) of Eq. ͑4b͒. In other words, the Hilbert-space propagator in Eq. ͑4b͒ assumes the field-free form,
However, the initial time in Eq. ͑4b͒ should still remain as t 0 →Ϫϱ, instead of a peculiar value such as t 0 ϭ0. As a result, we may recast Eq. ͑4b͒ as
Here, L is the reduced system Liouvillian, defined by its action on an arbitrary operator Ô as
In Eq. ͑8͒, Q ␣ does not depend on time. The above analysis concludes that the local-time dependence in Q ␣ (t) ͓Eq. ͑4b͔͒, or equivalently in the dissipation superoperator R(t), is rather from the time-dependence in the Hamiltonian of the reduced system than the non-Markovian bath. More discussions on the correlated time-dependent driving and dissipation that lead to time-dependence in Q ␣ (t) will be presented in Sec. VI.
In the regime of weak driving-dissipation correlation and weak system-bath interaction, the only approximation in the soon to-be-presented BRT is that ͓cf. Eq. ͑8͔͒
can be called the Redfield approximation. Its physical implication, together with that of the initial factorization ansatz ͓Eq. ͑5͔͒, will be discussed in Sec. III A.
C. Redfield theory in algebraic form
The final form of the BRT is summarized as follows ͓cf. Eqs. ͑1͒, ͑4a͒, ͑10͒, and ͑12͔͒:
In Eq. ͑11b͒, C ␣ (ϪL) is a function of reduced system Liouvillian operator, defined by the bath interaction spectrum, or the Fourier transform of the random force-force correlation function as follows:
Obviously, Eq. ͑11b͒ is equivalent to Eq. ͑10͒. The detailedbalance relation, C ␣ (Ϫ)ϭe Ϫ␤ C ␣ (), with ␤ϵk B T/ប, is equivalent to that S ␣ () defined in the last identity Eq. ͑12͒ is a symmetric function. We shall hereafter call Q ␣ ͓Eq. ͑11b͔͒ the spectrum conjugation to the dissipative mode Q ␣ .
In the commonly used system-bath coupling model, the bath consists of a collection of independent harmonic oscillators and the bath interaction force on the dissipative mode Q ␣ of the reduced system is given by 13, 14, 17 
Here, x j is the dimensionless coordinate of the jth bath mode of frequency j , and c ␣ j is its coupling strength to the system dissipative mode Q ␣ . The spectral density of this bath interaction is defined as 13, 14, 17 
͑14͒
Physically, the spectral density is only defined in the region of у0, with J(0)ϭ0. We should however extend its mathematical definition to the negative frequency domain via J(Ϫ)ϭϪJ(). By doing this, the detailed-balance symmetrized bath spectrum can be expressed in term of spectral density as
Note that the unit of J ␣ () depends on the choice of its associating dissipative mode Q ␣ . In this paper, we shall choose the unit of Q ␣ to be dimensionless. In this case, J ␣ () is of the unit of frequency, and can be used directly to specify the dissipation rate ͓cf. Eq. ͑25͒ or ͑30a͔͒. Equation ͑11͒ that casts the BRT in a compact algebraic form constitutes one of the main results of this paper. Another is the generalized Fokker-Planck equation ͓cf. Eq. ͑48͔͒ and will be developed in Sec. IV. Mathematically, Eq. ͑11͒ is equivalent to the conventional BRT represented in the eigenenergy representation ͑cf. Appendix A͒. However, Eq. ͑11͒ has some advantages due to its algebraic nature, leading to the clarity in discussing its physical properties, the implication of approximations involved, and its relation to other quantum dissipation theories such as Fokker-Planck equations. These advantages will be illustrated in the following sections.
III. PROPERTIES OF THE BLOCH-REDFIELD THEORY AND COMMENTS
In this section, we shall first analyze the nature of the so-called Redfield approximation scheme that involves both the approximant, Eq. ͑10͒, and the initial factorization ansatz, Eq. ͑5͒. We then discuss the resulting BRT ͓Eq. ͑11͔͒ about whether it satisfies the detailed-balance, translational invariance, and positivity. Obviously, Eq. ͑11a͒ is Hermitian and traceless, i.e., Tr ϭ0. This section will be concluded with a formal description of pure-T 2 dephasing dynamics, a special and important type of dissipation that involves no energy loss.
A. Implication of the Redfield approximation
Traditionally, the BRT has been considered as a Markovian and second-order theory. [2] [3] [4] However, as the analysis presented in Sec. II B, the so-called Markovian nature of the BRT would rather refer to the neglect of cooperativity between the time-dependent driving and dissipation than to the nature of bath. The approximations Eqs. ͑5͒ and ͑10͒ suggest further that the BRT ͓Eq. ͑11͔͒ be neither a complete secondorder theory.
Let us start with the initial factorization ansatz ͓Eq. ͑5͔͒. In this approximation, the effect of the initial system-bath coupling is completely neglected. The second-order correction to the initial reduced density operator will result in an effective Hamiltonian that depends on bath temperature.
We now turn to the Redfield approximation, Eq. ͑10͒. Without this approximation, the resulting QDT formulation would be the same as Eq. ͑11͒ but with C ␣ () ͓Eq. ͑12͔͒ being replaced by the complex spectrum,
Thus, the Redfield approximation, Eq. ͑10͒, amounts actually to the neglect of the bath dispersion C ␣ Ј () of Eq. ͑16͒. The bath dispersion affects not only on the dissipative dynamics but also on the asymptotic reduced density operator. Both approximations described above make the BRT ͓Eq. ͑11͔͒ incomplete in the second order system-bath interaction. However, both approximations lead to the asymptotic reduced density operator to be the zero-order canonical distribution, eq ϭe Ϫ␤H /Tr e Ϫ␤H . ͑17͒
In this sense, the BRT ͓Eq. ͑11͔͒ is self-consistent, with its detailed-balance is defined by the zero-order canonical reduced density operator of Eq. ͑17͒.
B. Detailed-balance relation
To prove that eq ͓Eq. ͑17͔͒ is a stationary solution to Eq. ͑11͒, and thus also the self-consistency in the BRT, we shall show that
To do that, let us re-examine the spectrum conjugation Q ␣ ͓Eq. ͑11b͔͒. By using Eqs. ͑12͒, we can recast Eq. ͑11b͒ as
This is equivalent to Eq. ͑18͒. We have thus also proved the detailed-balance relation in the BRT ͓Eq. ͑11͔͒ without invoking any specific representation.
C. Translational invariance vs the internal-coordinate convention
Let us first point out that Eq. ͑11͒ is of the dissipativemode invariance in the following sense. In Eq. ͑11͒, two dissipative modes Q ␣ and Q ␣ Ј ϭQ ␣ ϩr that differ only by a real c-number describe the same dissipation dynamics, i.e., R ␣ ϭR ␣ Ј . This property of BRT ͓Eq. ͑11͔͒ can be easily proved by noticing that r ␣ ϵC ␣ (ϪL)rϭC ␣ (0)rϭr ␣ * remains as a real c-number. As a result, we have R ␣ Ј ϪR ␣ ϭ͓Q ␣ ,r ␣ Ϫr ␣ *͔ϭ0. Obviously, the dissipative-mode invariance reduces to the translational invariance if the dissipative mode Q ␣ is a linear function of the Cartesian coordinate, while to the zero-energy point invariance Q ␣ depends linearly on the Hamiltonian of the reduced system. However, the dissipative-mode invariance in general is not equivalent to the translational invariance. Unless in the case of the single dissipative mode that is proportional to the coordinate q, the BRT ͓Eq. ͑11͔͒ in general, violates the translational invariance.
In order to cure this defect, we shall use an internal coordinate-system to represent the reduced Hamiltonian and the dissipative mode, e.g., HϭH͑p,qϪq eq ͒, ͑21a͒
with q eq ϵTr͓q eq ͔. We shall hereafter adopt the convention of Eq. ͑21͒ to define the BRT ͓Eq. ͑11͔͒ unambiguously.
D. Compatibility to positivity
For the BRT to constitute a fully satisfactory QDT, it requires that Eq. ͑11͒ be also of the positivity. Lindblad showed that a Markovian-type QDT satisfying the general positivity should be of the following form:
In general, Eq. ͑11͒ cannot be transformed into the Lindblad's form to assure the general positivity be preserved for arbitrary initial conditions. However, we shall present in Sec. IV D a special case of Eq. ͑11͒ that does have the Lindblad's form ͓cf. Eq. ͑38͔͒. This special case of Eq. ͑11͒, which relates closely to the conventional optical QDT, 5-8 satisfies simultaneously the detailed-balance and positively, and thus constitutes a fully satisfactory QDT.
E. Description of pure-dephasing and its temperature-dependent rate
There are two types of dissipation. One is the T 1 -type involving energy relaxation, and another is the T 2 -type relating to dephasing. The concept of two types of dissipation was traditionally introduced via a specific level representation of the reduced density operator . The diagonal element aa describes the level population, while the off-diagonal element ab describes the coherence between two levels. In this case, the T 1 -and T 2 -processes may refer to the relaxation of levels ͕ aa ͖ and coherences ͕ ab ;a b͖, respectively. [1] [2] [3] [4] As is positive definite and satisfies the Schwartz inequality, ͉ ab ͉ 2 р aa bb , a population relaxation induces also the destruction of coherence. 32 On the other hand, one can have a pure-T 2 dephasing that involves only the destruction of coherence ab but have no effect on the populations aa and bb . Note the above concept of two types of dissipation was introduced through a specific representation. In order to relate to whether the energy is dissipated or not, one should use the energy eigenstate representation. The rates of T 1 -relaxation and the T 2 -dephasing in the energy eigenstate representation are described in Appendix A in terms of Redfield dissipation tensor elements.
In this work, we shall adopt the dissipative mode description to classify the nature of dissipation processes without invoking any representation scheme. 33 We shall refer a pure-T 2 dephasing as a dissipation process that involves no energy loss. In other words, Eq. ͑11͒ should satisfy the property of Tr͕H ͖ϭ0, if all the involving dissipative modes are of pure-dephasing in nature. Let us denote Q 2 as a pure-T 2 dephasing mode. The necessary and sufficient condition for a pure-dephasing mode Q 2 can thus be described as 33 ͓H,Q 2 ͔ϭ0. ͑23͒
Obviously, a pure-dephasing mode Q 2 is diagonal in the eigenenergy representation. A general dissipative mode Q has both the diagonal and off-diagonal elements. They are responsible for the pure-T 2 dephasing and the T 1 -energy relaxation, respectively ͑cf. Appendix A͒.
In the following, we shall further use the spectral density formulation in Sec. II C to establish the temperature dependence on the pure-dephasing rate ␥ 2 . For a pure-dephasing mode Q 2 ͓Eq. ͑23͔͒, its spectrum conjugation ͓Eq. ͑11b͔͒ is given by
Therefore, besides the positive constant, a pure-dephasing mode is self-spectrum-conjugated. As it was mentioned after Eq. ͑15͒, if Q 2 is chosen to be dimensionless, the spectral density J 2 () and C 2 (0) as well will be of the same dimension of the pure-dephasing rate. We may therefore obtain the pure-dephasing rate parameter in Eq. ͑24͒ as
The second identity was obtained by using Eqs. ͑12͒ and ͑15͒. Note that the pure-dephasing rate defined above is proportional to the temperature. By using Eq. ͑24͒ for the second term of Eq. ͑11a͒, we obtain that
The above dissipation contribution is of the Lindblad's form ͓cf. Eq. ͑22͔͒. Obviously, in the case of pure-dephasing ͑with the absence of T 1 -energy relaxations; cf. Sec. V͒, the reduced density operator does not necessarily evolve toward the stationary solution eq of Eq. ͑17͒.
IV. FOKKER-PLANCK EQUATIONS
In this section, we shall relate the BRT ͓Eq. ͑11͔͒ to a class of quantum FPE involving T 1 -energy relaxation and/or pure-T 2 dephasing. The derivation presented in the following is exact for a single-surface harmonic system. However, the resulting FPE can also be served as approximations for anharmonic systems. The most important FPE that satisfies simultaneously the detailed-balance and positivity, will be presented in Sec. IV D and also as a special case in Sec. IV E.
A. Background algebra in harmonic systems
Let us consider a damped harmonic system. The Hamiltonian for the reduced system is given by
Here, m is the reduced mass, ⍀ the frequency, q and p the Cartesian coordinate and momentum of the oscillator, respectively. Included explicitly in Eq. ͑27͒ is the internal coordinate reference q eq . Given in the second identity of Eq. ͑27͒ is also the Hamiltonian in terms of the creation operator a † and the annihilation operator a, aϵͱ m⍀
͑28͒
We have ͓a,a † ͔ϭ1, ͓a † a,a͔ϭϪa, and ͓a † a,a † ͔ϭa † . In the harmonic system ͓Eq. ͑27͔͒, the above identities lead to g(L)aϭg(Ϫ⍀)a and g(L)a † ϭg(⍀)a † , respectively. Here, g() is an arbitrary function of .
In relation to the BRT ͓Eq. ͑11͔͒, we shall be interested in the spectrum conjugation ͓cf. Eq. ͑11b͔͒ to a given dissi-pative mode. In the following subsections, we shall consider the cases in which the dissipative modes are the coordinate and momentum. Their spectrum conjugations will be easily obtained via the spectrum conjugations of a and a † . By using the aforementioned properties of a harmonic system, we have ͓cf. also Eqs. ͑12͒ and ͑15͔͒,
Here, ␥ ␣ denotes the spectral density and n the thermal occupation number of the harmonic oscillator,
Equation ͑29͒ will be used later to construct the FPE for the case in which the dissipative mode is chosen to be coordinate or momentum. We shall also see that ␥ ␣ defined in Eq. ͑30a͒ amounts to the energy relaxation rate.
For the later use, we shall also denote the coordinate and momentum variances of the reduced system at the thermal equilibrium. They are given byeq ϵTr͓͑qϪq eq ͒ 2 eq ͔ϭប͑ n ϩ1/2͒/͑m⍀ ͒, ͑31a͒ pp eq ϵTr͓͑ pϪp eq ͒ 2 eq ͔ϭបm⍀͑ n ϩ1/2͒. ͑31b͒
The first identities in Eqs. ͑31a͒ and ͑31b͒ are definitions and will be used in both harmonic and anharmonic systems, while the second identities are only valid in the harmonic case.
B. Dissipation via coordinate: Brownian oscillator
Let us first consider the case in which the dissipative mode assumes to be the dimensionless coordinate,
Its spectrum conjugation, Q q ϭC q (ϪL)Q q ͓Eq. ͑11b͔͒, can be obtained easily by using Eq. ͑29͒. We have
͑33͒
By substituting Eqs. ͑31b͒-͑33͒ into Eq. ͑11͒, we obtain
Here, pp eq ͓Eq. ͑31b͔͒ is the momentum variance at the thermal equilibrium, and ͕•,•͖ denotes the anticommutator, ͕A,B͖ϵABϩBA.
͑35͒
In the harmonic system, Eq. ͑34͒ is equivalent to Eq. ͑11͒, and thus satisfies the detailed-balance ͑Sec. III B͒. In an anharmonic system, Eq. ͑34͒ however serves an approximation. In this case, pp eq in Eq. ͑34͒ should be evaluated via the first identity of Eq. ͑31b͒ with the exact eq ͓Eq. ͑17͔͒. As a result, Eq. ͑34͒ is expected to be a very good approximation in a single-well anharmonic system. Equation ͑11͒ satisfies also the translational invariance but not the general positivity. By using Eq. ͑34͒, we have q ថ (t)ϭp (t)/m. Therefore, the dissipative system described here is a quantum Brownian oscillator. The other Ehrenfest equations of motion for the Brownian oscillator will be presented as a special case in Appendix B.
C. Dissipation via momentum
Let us now consider the case where the dimensionless momentum serves as a dissipative mode,
Note that d͗Â ͘/dtϭi͓͗H T ,Â ͔͘; with H T being the total system-bath Hamiltonian, is valid for an any dynamic variable Â . However, the system-bath coupling via momentum leads to that q ថ (t) p (t)/m. They are therefore not for a Brownian oscillator. Following the same procedure used in Eqs. ͑32͒-͑34͒ we obtain the following FPE with the momentum coupling induced dissipation:
Here,eq ͓Eq. ͑31a͔͒ is the coordinate variance at the thermal equilibrium. Again, Eq. ͑37b͒ satisfies the detailedbalance exactly in a harmonic system but only approximately in an anharmonic case. Both the translational invariance and the general positivity are however not satisfied. The internal coordinate reference q eq is explicitly included to specify Eq. ͑37b͒ unambiguously. The Ehrenfest equations of motion associating with the Q p dissipative mode will be presented as a special case in Appendix B.
D. Some prescriptions of optical quantum dissipation theory
The QDT that has been widely used in the laser physics community is given by [5] [6] [7] [8] ϭϪ
Here, ␥ 1 denotes the energy relaxation rate ͓cf. Eq. ͑B4c͔͒. Obviously, the optical QDT is of the Lindblad's form of positivity ͓Eq. ͑22͔͒. In this subsection, we shall revisit the optical QDT ͓Eq. ͑38͔͒ by making use of the BlochRedfield/Fokker-Planck formulation developed in this work. It will be shown that the optical QDT ͓Eq. ͑38͔͒ satisfies the detailed-balance and positivity, but not the translational invariance. Provided in the following are also some prescriptions to the optical QDT ͓Eq. ͑38͔͒.
To proceed, let us recast R q ͓Eq. ͑34b͔͒ and R p ͓Eq. ͑37b͔͒ in terms of creation and annihilation operators. We obtain R q ϵR r ϩR nr , ͑39a͒
Here, R r was given by Eq. ͑38b͒, while
Obviously, R r and R nr can be considered as the rotatingwave-approximation ͑RWA͒ and the anti-RWA contributions to R q ͑or R p ), respectively. Thus, the optical QDT ͓Eq. ͑38͔͒ can be given as the RWA prescription via the single dissipative mode of either Q q ͓Eq. ͑32͔͒ or Q p ͓Eq. ͑36͔͒. Moreover, the RWA term R r ͓Eq. ͑38b͔͒ is of the Lindblad's form ͓Eq. ͑22͔͒, while the anti-RWA term R nr ͓Eq. ͑40͔͒ does not preserve the general positivity. It was also pointed out by Kohen, Marson and Tannor 26 that R r and R nr are the secular and the nonsecular contributions, respectively, to the Redfield tensor R q . In other words, the RWA is equivalent to the secular approximation in the system of study.
Besides the RWA ͑or secular approximation͒ prescription, Eq. ͑39͒ renders an alternative prescription to the optical QDT ͓Eq. ͑38͔͒, considered as a special case of the BRT/ FPE ͓Eq. ͑11͒ for the harmonic system͔ with the equally contributed dissipations via both Q q and Q p . In this case, ␥ q ϭ␥ p ϭ␥ 1 /2, and the total dissipation is described by R ϭ␥ q R q ϩ␥ p R p ϭ␥ 1 R r , leading to the required optical QDT of Eq. ͑38͒.
In concluding this subsection, let us recast R r ͓Eq. ͑38b͔͒ and R nr ͓Eq. ͑40͔͒ in terms of coordinate and momentum. We have
Both the above two equations depend explicitly on the internal coordinate system or q eq . They are therefore not translational invariance. In deriving Eq. ͑41͒, we have used the following identity:
͓q,͕p,͖͔ϩ͓ p,͕qϪq eq ,͖͔ϭ͓͕qϪq eq ,p͖,͔. ͑42͒
, together with the formulation in Sec. III E, will be used in the following subsection to construct the generalized Fokker-Planck equation in the presence of both T 1 -relaxation and pure-T 2 dephasing.
E. Generalized Fokker-Planck equation
We are in the position to summarize the generalized FPE theory involving both T 1 and pure-T 2 types of dissipation. We assume that there are a total of three independent dissipative modes. Two of them are chosen to be Q q ͓Eq. ͑32͔͒ and Q p ͓Eq. ͑36͔͒, respectively. These two dissipative modes are responsible for the T 1 -energy relaxation. The third dissipative mode that will be specified later is responsible for the pure-T 2 dephasing.
Let us start with the T 1 -energy relaxation involving both the Q q ͓Eq. ͑32͔͒ and Q p ͓Eq. ͑36͔͒ dissipative modes. We shall denote the overall T 1 -energy relaxation rate as ␥ 1 , and ͓cf. Eq. ͑30a͔͒
Here, Ϫ1р⑀р1. Obviously, the ratio between the Q q and Q p 's contributions to the T 1 -relaxation rate is given by (1 ϩ⑀)/(1Ϫ⑀)ϭ␥ q /␥ p . Furthermore, we have
Here, R r and R nr are given by Eq. ͑41a͒ and ͑41b͒, respectively. Thus, the parameter ⑀ relates directly to the contribution of the non-RWA contribution to the T 1 -relaxation. The pure-T 2 dephasing mode ͓cf. Eq. ͑23͔͒ is chosen to be
In the second identity of the above equation, we removed the zero energy since it is irrelevant to the dissipative dynamics ͑cf. Sec. III C͒. The spectrum conjugation to Q H is given by ͓Eq. ͑24͔͒
Here, ␥ 2 ϵC H (0)/2 denotes the pure T 2 -dephasing rate and is given in term of spectral density as ͓cf. Eq. ͑25͔͒
Note that the pure-T 2 dephasing rate ␥ 2 ͓Eq. ͑47͔͒ is proportional to the temperature, while the T 1 -energy relaxation rate ␥ 1 ͓cf. Eq. ͑43͔͒ does not depend on the temperature. The final Redfield-Fokker-Planck equation in the presence of both the T 1 -energy relaxation ͓Eq. ͑44͔͒ and the pure T 2 -dephasing ͓Eq. ͑45͔͒ is then given by
where R 1 is given by Eq. ͑44͒ with ͑41͒; i.e.,
͑49͒
In the cases of ⑀ϭ0, 1, and Ϫ1, the above R 1 reduces to R r ͓Eq. ͑41a͒ or ͑38b͔͒, R q ͓Eq. ͑34b͔͒ and R p ͓Eq. ͑37b͒ with ͑42͔͒, respectively. Again, Eq. ͑48͒ is completely equivalent to the BRT ͓Eq. ͑11͔͒ in the harmonic system involving the three dissipative modes in consideration. It therefore satisfies the exact detailed-balance relation ͑cf. Sec. III B͒ for the harmonic system.
More importantly, Eq. ͑48͒ may also serve as the generalized FPE for anharmonic systems in which the detailedbalances are preserved approximately. The parameter ⍀ that appears in the last term of Eq. ͑48͒ and in determining the T 1 -relaxation rate ␥ 1 ͓Eq. ͑43͔͒ is chosen to be the harmonic frequency, ⍀ϭ ͱ VЉ(q eq )/m, of the system. The parameters, q eq , pp eq , andeq , in Eq. ͑49͒ should be evaluated numerically by using their definitions ͓cf. Eq. ͑31͔͒ with the exact eq ͓Eq. ͑17͔͒. It is thus expected that Eq. ͑48͒ renders an excellent semiclassical detailed-balance relation in a singlewell anharmonic system. The ␥ 1 -term and ␥ 2 -term are responsible for the T 1 -relaxation and pure-T 2 dephasing, respectively. In the case of ⑀ϭ0, R 1 reduces to R r ͓Eq. ͑41a͔͒, and the resulting FPE is of the Lindblad's form, no matter whether the system is harmonic or not! Therefore, Eq. ͑48͒ with ⑀ϭ0 constitutes an almost fully satisfactory FPE for a general single-well anharmonic system. Equation ͑48͒ constitutes the main result of this section. All the FPE developed in the previous subsections can be recovered from the generalized FPE Eq. ͑48͒ with setting ␥ 2 ϭ0 and the specific values for ⑀. Note that in a general anharmonic system, the generalized FPE Eq. ͑48͒ is not equivalent to the BRT ͓Eq. ͑11͔͒. The energy relaxation rate in the BRT ͓Eq. ͑11͔͒ depends on the energy level space, while that in FPE ͓Eq. ͑48͔͒ is however a constant ␥ 1 ͓Eq. ͑43͔͒. Thus, the FPE developed in this work is truly of Markovian. In a pure-dephasing case in which ␥ 1 , Eqs. ͑11͒ and ͑48͒ are identical.
V. CLASSICAL ANALOGY TO QUANTUM PURE-DEPHASING
Dephasing ͑especially pure-dephasing͒ plays an important role in quantum dissipative dynamics. It is usually considered to be of pure quantum in nature, and analyzed via the eigenenergy representation. We shall in this section use the harmonic model ͓Eq. ͑27͔͒ to provide a classical analogy to the quantum pure-dephasing dynamics.
Let us start with Eq. ͑48͒ in the absence of
Here, Lϵប Ϫ1 ͓H,...͔. We shall show that in the harmonic system the above equation can be mapped into a classical heat transfer problem ͓cf. Eq. ͑58͔͒. with the cyclic boundary condition of ⌽͑ ϩ2,t ͒ϭ⌽͑ ,t ͒. ͑59͒
We have thus mapped the pure-dephasing into the classical problem of heat transport in a ring. The heat transport equation can be solved analytically via the standard variable separation method together with the cyclic boundary condition. The normalized solution to Eq. ͑56͒ is given by ⌽͑,t ͒ϭ
The expansion parameters in the above equation can be determined by the initial condition,
Substituting Eq. ͑61͒ into Eq. ͑60͒, followed by some elementary algebra, the final solution to Eq. ͑56͒ can be written as
Here, G(,) is the Green's function defined by
Note that the Green's function in the final solution ͓Eq. ͑62͔͒, i.e., G(Ϫ 0 ϩ⍀t,␥ 2 t), assumes G(Ϫ 0 ,0) ϭ␦(Ϫ 0 ) at tϭ0. For t→ϱ, G→ (2) Ϫ1 . The ⍀t in G(Ϫ 0 ϩ⍀t,␥ 2 t) arises from the first term of Eq. ͑50͒ for the coherent dynamics. It describes a clockwise rotation of the reduced density operator in the phase-space with a constant angular velocity of ⍀. In the rotation-frame, the angular variable is ͓Eq. ͑57͔͒, and the Green's function in Eq. ͑62͒ becomes G(Ϫ 0 ϩ⍀t,␥ 2 t)ϭG( Ϫ 0 ,␥ 2 t), which is identical to that of heat transport in a ring. The pure-dephasing rate ␥ 2 thus maps into the heat diffusion constant. The above analogy is established via the harmonic system in which the iso-energy contours constitute circles with a common center in the phase-space. In general, the quantum pure-dephasing could be mapped into classical problems of heat transport in the iso-energy contours in phase-space.
VI. SUMMARY AND CONCLUDING REMARKS
In summary, we have developed a unified algebraic approach to construct the BRT ͓Eq. ͑11͔͒ and a generalized FPE ͓Eq. ͑48͔͒. The relation between these two theories of quantum dissipation is elucidated thoroughly.
The key step in deriving the compact form of the BRT ͓Eq. ͑11͔͒ is to introduce the spectrum conjugation to a dissipative mode ͓cf. Eq. ͑11b͔͒. The resulting BRT is constructed in the operator level and enjoys the flexibility of implementation in comparing the conventional form of the BRT. For example, the spectrum conjugation operator Q ͓Eq. ͑11b͔͒ can be evaluated in any representations via either the matrix transformation or the equation of motion method. 34 The new form of the BRT can even further be combined with quantum chemistry methods such as semiempirical and ab initio LCAO-MO calculations to investigate the correlated quantum dynamics of the many-body interaction and dissipation in conjugated electronic systems. 34 In general, BRT satisfies the detailed-balance relation, but not the translational invariance. We shall therefore have to adopt an internal coordinate system such as Eq. ͑21͒ to specify the BRT unambiguously. Note that in the present work, the dissipative mode Q ␣ was chosen to be Hermitian. A generalized BRT based on the non-Hermitian dissipative modes description, which will be published elsewhere, can also be developed along the similar algebraic approach used in this work.
The generalized FPE ͓Eq. ͑48͔͒ was derived from the BRT ͓Eq. ͑11͔͒ via the harmonic system ͓Eq. ͑27͔͒. They are therefore equivalent in the harmonic system of study. In an anharmonic system, the generalized FPE ͓Eq. ͑48͔͒ renders a semiclassical detailed-balance relation up to the second moments in phase space. It thus constitutes an excellent approximation especially in the case of single-well potentials. Both the T 1 -energy relaxation and the pure-T 2 -dephasing processes were considered. In deriving Eq. ͑48͒, we also adopted the commonly used system-bath interaction model 14 to relate both the T 1 -relaxation rate ␥ 1 ͓Eq. ͑43͔͒ and the pure-T 2 dephasing rate ␥ 2 ͓Eq. ͑47͔͒ to the bath spectral densities. These two distinct dissipation dynamics were shown to be of very different temperature dependence. Furthermore, an analogy was made between the quantum puredephasing dynamics and the classical heat transport problems ͑cf. Sec. V͒.
The present unified Bloch-Redfield/Fokker-Planck theory of quantum dissipation can be of the Lindblad's form of general positivity. This is achieved at a special case of Eq. ͑48͒ in which the parameter ⑀ϭ0 in Eq. ͑49͒. The resulting equation relates closely to the conventional optical quantum dissipation theory ͑cf. Sec. IV D͒ that has been widely used in laser physics community. [5] [6] [7] [8] The generalized FPE ͓Eq. ͑48͔͒ that includes also the pure-T 2 dephasing is however applicable to both optical problems and anharmonic systems of general interest.
The Redfield approximation involved in the present unified Bloch-Redfield/Fokker-Planck theory was analyzed in detail in Sec. III A. This approximation consists of Eq. ͑10͒ for the complete neglect of bath dispersion and Eq. ͑5͒ for the complete neglect of the system-bath interaction in the initial density operator. The resulting formulation, Eqs. ͑10͒ or ͑48͒ thus only partially accounts for the second-order system-bath interaction. This is the main drawback of the present theories of quantum dissipation. Note that a full second-order Taylor expansion formulation of quantum dissipation theory has recently been developed by Meier and Tannor. 35 In their work, the correlated dynamics of the external driving field and dissipation was also treated properly in terms of a dissipation kernel that contains memory. The non-Markovian dissipation was further mapped into a localtime evolution of the reduced density operator and a set of auxiliary density operators. 35 As it has been analyzed in Sec. III A, the correlation between the time-dependent driving and dissipation is the main source of the non-Markovian nature in a quantum dissipation theory based on the cummulant expansion formulation. For most of the spectroscopic experiments where the optical measurements are operated away from the driving-dissipation cooperativity regions, one would not expect dramatic correlated non-Markovian effects. A generalized Markovian quantum dissipation theory beyond the Redfield approximation may also need to be developed as it would greatly facilitate simulations of nonlinear spectroscopies in condensed phases.
